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We consider  problems involving nonstationary shear  flow of a viscoplast ic  medium between 
two parallel  plates and also in a cyl indrical  tube under the action of a t ime-varying shear  
s t r e ss  applied to the walls of the passage.  

A survey  of studies relating to the hydrodynamics of viscoplast ic  media (Schwedoff--Bingham plastics) 
is contained in [1-5]. In the analysis  of shear  flows of viscoplast ic  media the grea tes t  in teres t  centers  on 
finding the surface separat ing the viscous flow zone f rom the zone of quasir igid motion; this leads to p rob-  
Iems with an unknown boundary for an equation of parabolic type, analogous to freezing problems [6, 7]. 

In [8] nonstationary flows of a viscopIast ic  medium were investigated by using a method of s ta t is t ical  
exper iments  (Monte Carlo method). 

Problems concerning freezing were studied in [9-13] by the method of success ive  approximations;  a 
se r i e s  of such problems were solved in this way. 

We consider  a nonstat ionary one-dimensional  shear  flow of a viscoplast ic  medium in a two-dimen- 
sional channel of height 2a or  in a cyl indrical  tube of c ross-sec t ion  radius a under the action of a t ime- 
varying shear  s t r e s s  applied to the walls of the two-dimensional  passage or  to the walI of the cyl indrical  
tube. 

The flow picture assumed here ,  together  with the a r rangement  of the coordinate sys tem,  is shown in 
Fig. 1. 

We assume that for t < 0 the walls of the passage (x = �9 a) or  the wall of the cyl indricaI  tube (x = a) 
a re  fixed; the motion of the medium commences  at  the instant t = 0 f rom a state of res t ;  for t > 0 the flow 
has a unique nonzero velocity component u z = u(x, t), and the tangential shear  s t r e s s  r is a function only of 
the t r ansver se  coordinate x and the time t. The theological  equation of the flow of a viscoplast ic  medium 
(Schwedoff-Bingham plastics) for one-dimensional  flows of this type has the form 

Ou . / Ou '~ 
~=lx-~-z -{-T0stgn~-~- ] for [ ' r [~ l :  o (1) 

0 a  
Oz = 0  for [l: l<To (2) 

where p is the coefficient of dynamic viscosi ty,  r0 is the limiting tangential shear  s t r e s s  (rheological con- 
stants of the medium). By taking advantage of the symmet ry  of the two-dimensional  shear  flow we can re -  
s t r i c t  our discussion to the upper half  of the passage,  0 < x ~ a. Moreover ,  in both the two-dimensional  
and axially symmet r i c  cases ,  we assume that the condition 

(0a) sign ~ = 1 

is satisfied in the viscous flow zone for all values of t > 0. 
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Fig .  1 

In the a b s e n c e  of  a p r e s s u r e  g r a d i e n t  and a vo lume  d e n s i t y  of  e x t e r n a l  f o r c e s  
we can ,  upon t ak ing  into a c c o u n t  the a s s u m p t i o n s  m a d e  a b o v e ,  w r i t e  the equa t ion  of  
m o t i o n  of the con t inuous  m e d i u m  in the  f o r m  

0u ~ 0 ( x ~ )  (3) 
P Ot x~ Ox 

w h e r e  p i s  the d e n s i t y  of  the m e d i u m , a n d  k = 1 fo r  the t w o - d i m e n s i o n a l  c a s e  whi le  
k = 2 fo r  the  a x i a l l y  s y m m e t r i c  c a s e .  

D i f f e r e n t i a t i n g  Eq.  (3) wi th  r e s p e c t  to the  v a r i a b l e  x and Eq.  (1) wi th  r e s p e c t  
to v a r i a b l e  t,  and e l i m i n a t i n g  the e x p r e s s i o n  ~2u/8x a t  f r o m  the r e s u l t i n g  s y s t e m ,  we 

ob ta in  

p o t  ~ L~ ~ ix ~)J (4) 

We r e m a r k  tha t  Eq.  (4) d e s c r i b e s  the t i m e  v a r i a t i o n  of  the t a n g e n t i a l  s h e a r  s t r e s s  d i s t r i b u t i o n  in the 
v i s c o u s  flow zone s i n c e  i t  i s  on ly  in  th i s  zone  tha t  the e x p r e s s i o n s  (1) and (3) a r e  va l i d .  

By v i r t u e  of the con t inu i ty  of the t a n g e n t i a l  s h e a r  s t r e s s e s  a t  x = a ,  we have  the b o u n d a r y  cond i t ion  

T (a, t) ---- (p (t) (5) 

If x = 5(t) i s  the  equa t ion  of  the  b o u n d a r y  s e p a r a t i n g  the p l a s t i c  flow zone f r o m  the zone of  q u a s i r i g i d  
mo t ion ,  then  when x = 5(t) the fo l lowing  cond i t i on  m u s t  be s a t i s f i e d  on th i s  unknown b o u n d a r y :  

(x, t) = ~o for x = 0 (t) (6) 

As a c o n s e q u e n c e  of the mo t ion  of  the q u a s i r i g i d  c o r e  as  a s ing le  e n t i t y ,  we have  

t o (z~,:) (k ~~ 
~ o~ = + f)-~(t)  f o ~  x = ~ (t) (7) 

Since  the flow d e v e l o p s  f r o m  a s t a t e  of r e s t  in which  the q u a s i r i g i d  zone  o c c u p i e s  the whole  flow r e -  
g ion ,  we h a v e ,  a s  o u r  i n i t i a l  cond i t i on  on 6(t) ,  

(0) = a (8) 

We now d e v e l o p  r e l a t i o n  (7) in m o r e  d e t a i l ,  s i n c e  n e g l e c t i n g  th i s  cond i t i on  would  l e a d  to e r r o n e o u s  
r e s u l t s  [14, 15],  as  shown for  the t w o - d i m e n s i o n a l  c a s e  in  [16]. We c o n s i d e r  the  mo t ion  of  the v i s c o p l a s t i c  
m e d i u m  in the q u a s i r i g i d  z o n e , f o r  which ,  t ak ing  into a c c o u n t  the t h e o l o g i c a l  e q u a t i o n  in  the f o r m  (2), we 
have  u = u 0 (t). M o r e o v e r  f r o m  the equa t ion  of  m o t i o n  (3) i t  fo l lows  tha t  

t 0 (x~T) = / (t), 0 < x < 6 (}) 
x ~: Ox (9) 

w h e r e  f ( t )  i s  a func t ion  y e t  to be de f ined .  

The g e n e r a l  so lu t i on  of Eq.  (9) has  the f o r m  

T = / (0  x (k 4 i )  -1 + x -~ c (t) (10) 

w h e r e  C(t) i s  an a r b i t r a r y  func t ion .  When x ~ 0  the t a n g e n t i a l  s h e a r  s t r e s s  7 - -  0; t h e r e f o r e  C(t) = 0. T a k -  
ing into a c c o u n t  the  cond i t ion  (6) on the unknown b o u n d a r y ,  we ob ta in  f r o m  e x p r e s s i o n  (10) 

= To x /~  (t) (ii) 

The r e l a t i o n  (7) can  be  o b t a i n e d  f r o m  the e x p r e s s i o n  (11) by  t ak ing  into  a c c o u n t  the  con t inu i ty  of  the 
v e l o c i t y  of the m e d i u m  and the t a n g e n t i a l  s h e a r  s t r e s s e s  in p a s s i n g  th rough  the b o u n d a r y  x = 5(t) s e p a r a t -  
ing  the z o n e s .  We i n t r o d u c e  the d i m e n s i o n l e s s  qua n t i t i e s  

x ,  = - 7 - '  A , = - - ~ - ,  ~,-=--T-,  t , =  Pa ~ 

~, ( t , )  = ar  (t) 
T 

547 



08 

- o.g ~ 

Fig. 2 Fig. 3 

where  T is a cha rac t e r i s t i c  s t r e s s .  In d imens ionless  fo rm p rob lem (4) and (8) has the fo rm 

o": ], o--r- O~L~,~(x~) h ( t ) < x < t ,  O < t < t o < c r  (12) 

,c (1, t) = ~ (t) (13) 

(A, t) = S (14) 

i a (k +,t) s 
~ o~ (x~T) l~=~ = a (t) (15) 

A (0) = t (16) 

Here  and hencefor th  the a s t e r i s k ,  used to denote d imens ion less  quant i t ies ,  will be dropped.  

We now cons t ruc t  a solution of the p rob lem (12)-(16). Integrat ing Eq. (12) twice with r e s p e c t  to the 
var iab le  x between the l imits  of A and x and noting the conditions (15) and (14), and subsequent ly  the condi- 
t ion (13) a l so ,  we obtain, a f t e r  some s imple  manipulat ions,  a s y s t e m  of functional equations for  de termining  
7(x, t) andA(t):  

I ~X ~ ~ 
"c = S T -t- 7 ,~ j - . ~  dxdx (17) 

h A 

a = s  [<p(t). o, (is) 
A :A 

The functional equation (18) is compat ib le  with the init ial  condition (16) on A(t); i t  p laces  the following 
r e s t r i c t i o n  on the function r 

(0) = s 

We note that the formation of the viseoplastic flow zone is only possible when the following condition 
is satisfied: 

( t ) > S - -  ~x ~ j Ot dxdx 
A A 

For  a specif ied c lass  of functions ~v(t) the s y s t e m  of functional equations (17) and (18) may be solved 
by the method of success ive  approximat ions  

i i O'~n S ~ i x~ 7 dxdx 

~n an 

A n A n 

(19) 
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As the z e r o t h  a p p r o x i m a t i o n  we take  

x 
% = S Ao ' 

S 
Ao = q) ~) (20) 

The cho i ce  (20) fo r  the z e r o t h  a p p r o x i m a t i o n  c o r r e s p o n d s  p h y s i c a l l y  to the  c a s e  of  a v i s c o p l a s t i c  
m e d i u m  wi th  an i n f i n i t e l y  s m a l l  va lue  of  the d e n s i t y .  

Us ing  the i t e r a t i o n a l  s c h e m e  (19) with k = 0 and 1, we c a r r i e d  out  the  z e r o t h ,  f i r s t ,  and s e c o n d  a p -  
p r o x i m a t i o n s .  To ob ta in  c o n c r e t e  r e s u l t s  we u sed  the fo l lowing  e x p r e s s i o n  fo r  the funct ion ~(t) :  

5" (l  --~ rot) 
q) (t) = t + ms, 

The funct ion  ~ (t) s a t i s f i e s  the cond i t i ons  

which  m a k e s  i t  p o s s i b l e  to m o d e l  the outf low r a t e  of  the n o n s t a t i o n a r y  flow of  the v i s c o p l a s t i c  m e d i u m  on 
a s p e c i a l  " s t a t i o n a r y  r e g i m e "  w h e r e i n  the a c c e l e r a t i o n s  of  the channe l  wa l l  and of q u a s i r i g i d  c o r e  of  the 
flow s t a y  c o n s t a n t  wi th  t i m e .  The p r e s e n c e  in  the e x p r e s s i o n  for  r  o f  the  p a r a m e t e r  m m a k e s  i t  p o s s i b l e  
to e s t i m a t e  the in f luence  of  the  r a p i d i t y  of g r o w t h  of  the s h e a r  s t r e s s e s  a p p l i e d  to the wa l l  of  the t w o - d i -  
m e n s i o n a l  p a s s a g e  and to the w a l l  of  the  c y l i n d r i c a l  tube on the v a r i a t i o n  in the  p o s i t i o n  of  the b o u n d a r y  
s e p a r a t i n g  the z o n e s .  In a d d i t i o n ,  the p a r a m e t e r  m has  an in f luence  on the c o n v e r g e n c e  of  the i t e r a t i o n a l  
p r o c e s s .  O u r  c a l c u l a t i o n s  show tha t  the c o n v e r g e n c e  of the i t e r a t i o n a l  p r o c e s s  i s  e n t i r e l y  s a t i s f a c t o r y  fo r  
1 _< m _< 10 and tha t  i t  b e c o m e s  p o o r e r  a s  m i n c r e a s e s .  F o r v a l u e s  o f m  > 100 the p r o c e s s  no l o n g e r  con-  
v e r g e s .  As the  p l a s t i c i t y  p a r a m e t e r  S v a r i e s  f r o m  0.2 to 0.8,  the c o n v e r g e n c e  of the i t e r a t i o n a l  p r o c e s s  
i m p r o v e s  a s  S i n c r e a s e s .  

In F ig .  2 we p r e s e n t  the r e s u l t s  of  o u r  c a l c u l a t i o n s ,  u s i n g  the i t e r a t i o n a l  s c h e m e  (19), fo r  the two-  
d i m e n s i o n a l  c a s e  wi th  m = 5 (the l a b e l s  1, 2, and  3 c o r r e s p o n d  to v a l u e s  of the p l a s t i c i t y  p a r a m e t e r  S e q u a l ,  
r e s p e c t i v e l y ,  to 0.8,  0.6,  and  0.2).  In the c u r v e s  of  F ig .  2 

Ao < A2 < A, 

Figure 3 shows the influence of the parameter m on the development of the flow of the viscoplastic 
medium in a circular tube. The plasticity parameter S = 0.4 (the labels 1, 2, and 3 correspond, respec- 
tively, to values of the parameter m equal to I, 3, and 7). In the curves of Fig. 3 

Ao<A2<Ax 

The m a x i m u m  d i f f e r e n c e  b e t w e e n  the s e c o n d  and  the f i r s t  a p p r o x i m a t i o n s  for  A(t)  in  the t i m e  i n t e r v a l  
of  v a r i a t i o n  s t u d i e d  a m o u n t e d  to no m o r e  than 0~ which  c o n f i r m s  the a p p l i c a b i l i t y  of  o u r  method  to the  
so lu t i on  of  the p r o b l e m  c o n s i d e r e d .  
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